Submitted to Automatica 10/22/96

INVERSION-FREE DESIGN ALGORITHMS FOR

MULTIVARIABLE QUANTITATIVE FEEDBACK THEORY:

AN APPLICATION TO ROBUST CONTROL OF A CD-ROM 1

Myoung Soo Park 2 Yossi Chait 3 , 4 Maarten Steinbuch 5

ABSTRACT

This paper describes an application of multiv ariableQuantitativeFeedback Theory (QFT) to a robust performancedesign of a compact disc mechanism. Robust control design is based on new QFT design algorithms which do not involveloop transmission inversion found in present

QFT design algorithms. Their advantageis that even when thedesigner prefers inversion-based

QFT loop shaping, theassociated bounds can still becomputed more efficiently using our inversion-freedesign algorithms. Plant uncertainty consists of parametric variations in thenatural frequencies of dominant mechanical resonances and a variation in theinteraction between thefocus and radial loops. Robust performancespecifications weregiven in terms of themultivariable closed-loop sensitivity function. The QFT controller was implemented in an experimental setup.

Key Words: multivariable control, robust control, CD ROM

1 Research supported in part by an NSF grant CMS-9313764 at the University of Massachusetts. This support is greatly appreciated.

2 Formerly: Research Assistant, MIE Dept., UMass, Amherst, MA 01003, USA, (email: mpark@ecs.umass.edu).

Presently: Consultant, API, Inc, Mountain Farms Technology Park, Hadley, MA 01035-9547, USA.

3 Associate Professor, MIE Dept., UMass, Amherst, MA 01003, USA. (email: chait@ecs.umass.edu).

4 Author to whom all correspondence should be made.

5 Member of the scientific staff, Philips Research Laboratories, P.O.Box 80.000, 5600 JAEindhoven, The

Netherlands. (email: steinbuc@natlab.research.philips.com).

INTRODUCTION

Figure1 shows a schematic view of a compact disc mechanism. Themechanismis composed of a turn-tableDC-motor for therotation of thecompact disc and a balanced radial arm for track-following. An optical element is mounted at the end of theradial arm. A diodelocated in this element generates a laser beamthat passes through a series of optical lenses to givea spot on theinformation layer of thedisc. An objectivelens, suspended by two parallel leaf springs, can move in a vertical direction for focusing action.

Both theradial and thevertical (focus) position of thelaser spot, relativeto thetrack of the disc, haveto becontrolled actively. To accomplish this, thecontroller uses position-error information provided by four photo diodes. As input to thesystemthecontroller generates control currents to theradial and focus actuator, which both arepermanent-magnet/coil systems. The control mechanismin a compact disc player can berepresented by a linear, time-invariant, multivariableblock diagramshown in Fig. 2. In systemidentification, only thedifferences between theradial and vertical track positions and thelaser spot position can bemeasured (using an optical element). Thegenerated signals area radial error, e rad , and a focus error, e foc . Based on these measurements, thecontroller, G, feeds thesystemwith therequired control currents for each drive, i rad and i foc .

Two major sources of disturbances aretrack-position irregularities and external mechanical shocks. Thetrack position specifications arebased on standardization of CDs: the allowableradial deviation is 300 m m(eccentricity) and theallowableradial acceleration is 0.4 m/s 2 . The external mechanical shocks arenot specified. Measurements show that during portable usethespectrumof thedisturbancesignals includes therangeof Hz to 150 Hz. Themaximum allowabletrack-following error is 0.1 m mand theactuator current i rad should havea high roll-off abovethebandwidth to prevent amplification of audiblenoisegenerated by theactuator. The control design problemhereis based on a frequency domain formulation for theabove specifications (Steinbuch et al ., 1992).

DESIGN PROBLEM

Nominal Dynamics. Only modeling details necessary to explain theQFT control design procedure aredescribed here. A completedescription of thenominal model and uncertainty modeling is given in Steinbuch et al . (1992). Becausethenominal plant responsewas obtained fromclosed-loop measurements, it effectively includes zero-order hold and digital computation effects. The frequency-responsemagnitudes of theidentified, nominal plant areshown in Fig. 3. Theidentified

2x2 nominal plant, P={p ij }, consists of a 21 st -order model (two doubleintegrators, 8 second-order modes with low damping and onefast real pole). Thesingleinput/output transfer functions in the nominal plant haveright half-planezeros: thesignificant onebeing in p 11 at 2.0x10 4 rad/sec (3.2 kHz). Dueto weak coupling, a similar right-half planemultivariablezero also appears in det[P]=0. The identified nominal plant is described by radial error focus erro r

radial cur rent focus curr ent

é ë

ê ê

ù û

ú ú

=

é ë

ê ê

ù û

ú ú

é ë

ê ê

ù û

ú ú

11 12

21 22

p p p p

Uncertainty Description. On thebasis of e xperienceand physical reasoning thenominal plant was assigned two types of uncertainties. Thefirst type, parametric, consists of ± 2.5% variations about nominal values in each of thefirst threenatural frequencies of thevibration modes at 0.8, 1.6 and 4.3 kHz. The second type, non-parametric, is related to the off-diagonal responses:

P

p p p p p p

[-0.1,0.1 ]

11 22 12

11 21 22

=

+

+

é ë

ê ê

ù û

ú ú

Î

e e

e , (1)

Notethat thep ij terms in (1) includeparametric uncertainties (i.e., uncertain natural frequencies).

These uncertainties define the CD´s plant family denoted by .

Performance Specifications. BecauseQFT involves frequency-domain design, thespecifications must beformulated in that domain. Thefrequency-domain formulation in Steinbuch et al . (1992) is used here. Notethat sincetheonly availablemeasurements arethe error signals, the performance specification are stated in terms of the sensitivity function, S=(I+PG) -1 ={s ij }, s ij (j ) ( ) i, j 1,2, for each P ij w h w

£ = Î

, (2) and are shown in Fig. 4.

In QFT wecomputeperformancebounds only within a finitebandwidth, in this design

[0,200Hz]. In addition, weoften usethemaximumovershoot constraint, |s ii ( w )| £ 3, w³ 0, to generate gain-phase margins constraint on each loop

1 1

3

0 2 + ³ ³ Î ii i p g for each P , , w (3) where 1 2 + ii i

p g arethedenominators of thesingle-loop s ii (see(5) below) Thefinal requirements arethat thenominal open-loop bandwidth in each loop should bekept below 1 kHz to avoid amplifying high frequency noises and audibleresponses of theactuators, and that thecontroller order be kept to minimum.

NEW DESIGN ALGORITHMS

During thepast threedecades, several techniques havebeen developed for multivariable control design within theframework of theQFT. Thesetechniques focus on square nxn matrix transfer functions and diagonal controllers, and thedesign algorithms employ inversion of theloop transmission L(s)=P(s)G(s); for a recent review of various multivariableQFT design techniques seeHorowitz (1991). In conventional QFT, thedesign problemis rigorously broken into an n-step sequential procedure. At each step, n single-loop QFT problems aresolved for then closed-loop transfer functions in that channel. In particular, thedesign algorithms involvethecomputation of

QFT bounds.

QFT Bounds . Let someperformancefunction F(s) involving thecontroller G(s) begiven as well as a performanceweight W(s), plant family , plant templates w and a nominal plant P 0 (s). For a fixed frequency w , the QFT bound (for thenominal loop P 0 (s)G(s)) is theset P (j ) 0 w w of complex number satisfying:

F(j ) W( ), P(j )

P (j )G(j ) P (j ) 0 0

w w w w w w

w w

£ " Î

Û

Î

In this paper, wepresent new algorithms for computing QFT bounds in multivariable problems which do not useloop inversion. For this reason, wedenotethemultivariableQFT techniquewith thenew algorithms as the direct technique . Thesealgorithms aremorenumerically efficient and can be used to complement present algorithms in some design problems.

Direct multivariableQFT employs thesamesequential approach proposed in inversionbased techniques. It is constructiveto briefly describethis concept now. Without loss of generality, weassumethat thecontroller design proceeds in order fromthefirst row to thelast row.

For thefirst row, supposethere exists a robust stabilizing controller g 1 such that 1+p 11 g 1 has stablezeros and achieves performancespecifications at that loop for each P Î . Onceg 1 is synthesized, supposethere exists a robust stabilizing controller for 1+p 22 g 2 (second row).

However, becauseg 1 is known, beforewedesign g 2 , it can be embedded into thesecond row using theGauss elimination technique. This design process of a singlerobust stabilizing g i and subsequent elimination is then repeated n-1 times.

The New Algorithms. Using thesameproceduredescribed in Chait and Park, 1993, wecan derive the appropriate relations for s ij at each design step without use of explicit plant inversion as s =

] g

- s

] g

i, j 1,2, . . . , n ij

ji 1 (i - 1) L ii 1 (i - 1) L

1

(i - 1) i

kj ki 1 (i - 1) L k = i + 1

n ii 1 (i - 1) L

1

(i - 1) i

a a

a a +

+

é ë

ê ê

ù û

ú ú

+

=

å det[L det[L

, (4) where ( ij

1 ij p p = ) ij

i ij

1 kj

k ik

k kk

k k k 1

i 1 k p p

p p p g

g = -

+

=

- å

1

(5)

1 (i - 1)

11 1 12 2 1(i - 1) (i - 1) 1i 1(i + 1) 1n

21 1 22 2 2(i - 1) (i - 1) 2i 1(i + 1) 2n n1 1 n2 2 n(i - 1) (i - 1) ni 1(i + 1) nn

L =

1 + p g p g p g p p p p g 1 + p g p g p p p p g p g p g p p p

× ×

× ×

× × × × × × × ×

× ×

æ è

ç ç ç ç ç ç ç ç

ö ø

÷

÷

÷

÷

÷

÷

÷

÷

(6)

A at each i th design step, thecontroller g i is designed so that 1 + ii

i i p g is stablefor each P Î , and to meet performancespecification in the i th channel given in (2). Thedifficulty in trying to performthis set of single-loop designs is the explicit dependency in (4) on a set of yet to be designed closed-loop relations, s ij , k=i+1,...,n, j=1,...,n. To facilitatea solution, weassumethat there exist solutions to the multivariable robust performance problem, hence that s (j ) ( ) k i 1, . . . , n, j 1,2, . . . n, for all P , ij kj w h w

£ = + = Î "w ,

Using thetriangleinequality wesimplify theaboveinto thefollowing n standard single-loop QFT problems at the i th design step s det[L ]g

, j 1,2, . . . n, for all P , ij

ji 1 (i - 1) L kj ki 1 (i - 1) L k = i + 1

n ii 1 (i - 1) L i 1

(i - 1)

ij £

+

é ë

ê ê

ù û

ú ú

+

£ = Î "w

å a a a

h

h

(7)

Notethat thesameconcept of overbounding thes ij terms in (4), necessary to derive(7), occurs also in inversion-based techniques. In Park (1994) it is shown that inversion-based algorithms can be obtained fromdirect algorithms by dividing all numerators and denominators in thelatter by det[P].

Thesolution of a set of single-loop QFT problems and related computational issues arediscussed in Chait and Yaniv (1993).

Numerical Efficiency. Froma numerical computation stand point, direct algorithms employ det[P] and p ij (s) terms, whileinversion-based algorithms employ plant inversion. Computing an

LU factorization of P requires n 3 /3 multiplications and n 3 /3 additions, for a total of 2n 3 /3 floating point operations . Thedeterminant is obtained fromLU with only n multiplications, so westill have2n 3 /3 floating point operations. If donecarefully, theLU factorization can beused to get P -1 with 4n 3 /3 moreoperations, for a total of 2n 3 floating point operations . Theseareonly estimates and can bequiteinaccuratefor small n, say n<10 ( Dongarra et al ., 1979). Thegeneral estimateis cubic polynomial in n. In addition, thenumber of operations is much larger for complex matrices

(e.g., those representing the frequency response).

In MATLAB, for example, a good indication for thenumber of operations are flops . A random test gives the following results:

>> A = rand(100,100);

>> flops(0), det(A); flops ans = 661650

>> flops(0), inv(A); flops ans = 2039478

That is roughly 2/3x10 3 and 2x10 3 , as predicted. Another test with a n=2 and complex frequency response gives:

>> A = [-1+i,.2+.1*i;.03+i,-55-i];

>> flops(0); det(A); flops ans = 32

>> flops(0); inv(A); flops ans = 260

Notethat that MATLAB’s inv(A) not only computes theinverseof A, it also estimates its condition to decidewhether or not to display a warning message. Thenumber of flops required for the condition estimate may depend upon A.

Taking into account that in control designs theinversion must becarried out over a large number of frequencies, thepotential saving in terms of numerical computations is clearly seen from the above example.

Non-MinimumPhase Plants. A typical explanation used to justify plant inversion is that each equivalent diagonal plant element in theinversion-based algorithms, 1/q ii (s) (recall Q = P -1 =

{q ij }), includes det[P] in its numerator. And since det[P] contains theplant’s nonminimumphase zeros, onegains a ^feel~ for related design limitations which may not beseen directly fromp ii (s).

Moreover, in Horowitz (1992), Sec. 14.8, it is argued that limitations dueto nonminimumphase zeros may beassigned to certain loops whilecompletely avoided in all other loops. However, it is conceivablethat if P has a nonminimumphasezero, 1/q ii (s) may end up with not only that zero but also with an unstablepole. Indeed, in theCD-ROM model, the equivalent plant 1/q 22 (s) has both a nonminimumphasezero at 2.0021e+4 and an unstablepoleat 2.0396e+4. This implies that the inverse-based design should not start with thesecond loop, clearly an unnecessary limitation caused by the inversion.

Barring any numerical difficulties related to plant inversion, QFT bounds can becomputed from(7) or the equivalent relation used in theinverse-based technique. QFT Loop shaping can then beperformed using theactual nominal plant or thenominal plant in theinverse-based technique, by appropriately pre-multiplying w by thenominal plant Wesuggests that thebounds should becomputed using thedirect algorithms whosesuperior numerical efficiency has been established. TheCD plant consists of 325 elements, hencenumerical efficiency is an issueto be dealt with.

Finally, wenotethat in problems with n £ 3 and low-order plants, onecan computeP -1 by hand without difficulty, or even resort to symbolic programs (Sating et al ., 1993). This approach is quitereasonableand was used successfully is numerous examples. However, in many plants, thedynamics includeseveral resonances (e.g., mechanical or acoustical plants), a fact which significantly increases theplant order. However, themodel identified based on themeasured CD dynamics required at least a 21 st -order model.

QFT CONTROL DESIGN

Thefirst design step involves theradial controller g 1 to satisfy robust stability and therobust sensitivity performancespecifications (thefirst loop). It is always recommended to first view theplant uncertainties in terms of templates, and thosefor 11

1 p areshown in Fig. 6 at w =[62.8,

251.3, 1257, 3142, 5404, 10120, 26890 and 62830] rad/sec. Notethat Fig. 6 shows significant phaseand magnitudevariations at thethreeuncertain resonancefrequencies. Weused 375 plant cases to represent the uncertainty.

To compute QFT stability bounds, we used following inequality

1 1

3

0 11

22 2

1 +

+

³ ³ Î p

1 + p g

g for each P 2 det[P]g , , w

Becauseg 2 is yet to bedesigned, weconsidered its extremevalues of g 2 in (5) (Yaniv, 1992), namely,

1 0 0

1 0

11 1 2

1

22

2

+ ³ ³ Î ®

+ ³ ³ Î ® ¥

ì í

ï ï î

ï ï

p g 1

3

for each P g det[P] g p

1

3

for each P g

w w

, ( )

, ( )

To compute the sensitivity bounds invoking (7) gave s (j )

p s p det[P] g p

p p

[P ]g p

( ) [0,200] for each P s (j )

p p

p s p det[P] g p

p p

p p det[P] g p

( ) [0,200] for each P

11

21 21

12

22 22

w w w w w w

=

+

+

£

+

+

£ Î Î

=

- +

+

£

- +

+

£ Î Î

ì í

ï ï ï ï ï ï î

ï ï ï ï ï ï

1

1

1

1

1 1

12

22

1

22

12

22

1

22

11

12

22

12

22

1

22

12

22

12

22

1

22

12

h h h h

det

, ,

, ,

Robust stability bounds and robust sensitivity bounds werecomputed theQFT Toolbox for

MATLAB (Borghesani et al. , 1995). Thesebounds and thesynthesized nominal loop areshown on the Nichols chart in Fig. 5.

Notethat L

11,0 (s)=p

11,0 (s) g 1 (s) when p

11,0 (s) is p 11 shown in Fig. 3. Thecontroller is given by (rounded off)

1

10 2 3 6

5 2 4 8

g

1 . 33 x10 ( s + 2 . 8 x10 s + 4 . 6 x10 )

( s + 2 . 9 x10 ) ( s + 2 . 6 x10 s + 3 . 8 x10 ) ( s + 96 ) ( s + 1 )

= + ( . ) s 12 1

Thesecond design step is to design g 2 to satisfy therobust stability and robust performancespecification whiletaking into account theknown g 1 . Theplant used in thesecond design step, 22

2 p , is defined by (5) p p

p p g

1 p g 22

2

22

12 21 1

11 1

= -

+ and its templates areshown in Fig. 8. Notethat dueto thehigh-gain g 1 , thetemplates of 22

2 p exhibit larger variations around thethreeuncertain natural frequencies compared with the templates p 22 alone. The plant 22

2 p is the open-loop plant seen by the controller to be designed.

Robust stability bounds were computed for

1 0 + + ³ ³ Î 22 1

11 1

2

p det[P] g

1 + p g

g 1

3

for each P , , w

1 0 +

+

³ ³ Î 11 2

22 2

1

p det[P] g

1 + p g

g 1

3

for each P , , w

Robust sensitivity bounds were computed from (9) s (j )

- p g

1 + p g p det[P] g

1 + p g

g

( ) [0,200] for each P s (j ) p det[P ]g

1 + p g

g

( ) [0,200] for each P

21

22

w w w w w w

=

+ + £ Î Î

£

+ + £ Î Î

ì í

ï ï ï ï ï ï î

ï ï ï ï ï ï

21 1

11 1

22 1

11 1

2

21

22 1

11 1

2

22

1

1

1

h h

, ,

, ,

Therobust stability bounds, robust sensitivity bounds and thesynthesized nominal loop areshown on the Nichols chart in Fig. 6.

Notethat L

22,0 (s)= p s

22 0

2

, ( ) g 1 (s) where p p

p p g p g 22 0

2

22

12 21 1

11 1

,

= -

+ with p ij shown in Fig.

3. The controller is given by (rounded off)

2 g =

+ +

+ + +

2 9 10 2713 2 1622 2

6 4 10 2 9 10 1

4

2 3 8

. ( . )( . )

( . . )( )

x s s s x s x s

As expected, therobust stability bounds in thesecond loop areless "demanding" compared with thoseobtained in thefirst loop. Specifically, in thecrossover frequency range, thefirst nominal loop is required to maintain less phase lag compared with the demand on the second nominal loop.

IMPLEMENTATION RESULTS

The experimental setup consisted of a compact disc player with an interfaceto a Digital

Signal Processor (DSP) system. Theactual implementation of thecontroller in theDSP has been carried out with dSPACE Cit-Pro software( dSPACE, 1989). Most problems occurring when implementing controllers involveproblems such as scaling inputs and outputs to obtain the appropriatesignal levels and to ensurethat theresolution of theDSP is optimally used. These problems can besolved using the dSPACE software. TheDSP systemused is a Texas Instruments

TMS320C25 16 bit processor with fixed point arithmetic. TheAnalog Digital Converters (ADC) are16 bit and havea conversion timeof 5 m s. Themaximuminput voltageis ± 10 V. TheDigital

Analog Converters (DAC) are12 bit, havea conversion timeof 3 m s and also operatewithin the rangeof ± 10 V. With the dSPACE softwarethefollowing steps havebeen carried out: (1) a ramp-invariant discretization, (2) a modal transformation, (3) 1 1 scaling for thenon-integrator states, (4) statescaling for theintegrator states such that their contribution is at most 20 %; and (5) generation of DSPL code that can be downloaded to the DSP.

On thebasis of theclosed-loop relevant dynamics in theradial and focus loops, the discretization was doneat a sampling rateof 27 kHz. Themeasured closed-loop sensitivity magnitudes areshown in Fig. 7. Notethat in order to establish truerobustness, thesamecontroller must be tested on many compact disc players.

Theobserved peaks in |s 11 ( j w )|, especially in the800-2000 Hz range, can beattributed to identification errors in thenominal plant. A detailed comparison between theidentified radial loop and themeasured data around thosepeaks revealed that themagnitudes matched well whilethe phases wereoff by only a few degrees. A single-loop QFT design was subsequently carried out and implemented in theradial loop using theraw experimental frequency responsedata (sincewith

QFT thedesigner can work directly with complex data). Thenew design did not exhibit such peaks (Chait et al ., 1994).

CONCLUSIONS

This paper presented new multivariableQFT design algorithms with improved numerical efficiency and their application to control design of a compact disc mechanism. Theapplication results indicatethat QFT is an effectivedesign tool for this class of systems having multivariable performancespecifications and significant parametric plant uncertainty. Present research focuses on extending the new algorithms to non-diagonal QFT control design.

REFERENCES

Borghesani, C., Chait, Y. and Yaniv, O. (1995). The QFT Toolbox for MATLAB . The

MathWorks, Inc., USA.

Chait, Y., and Yaniv, O. (1993). Multi-Input/Single-Output Computer Aided Control Design

Using the Quantitative Feedback Theory. Int. J. Robust and Nonlinear Control , Vol. 3, pp. 47-54.

Chait, Y., and Park, M. S. (1993). DisturbanceRejection in FlexibleStructures via the

Quantitative Feedback Theory. AIAA J. of Guidance and Control , Vol. 15, No. 5. pp. 970-973.

Chait, Y., Park, M. S. and Steinbuch, M. (1994). Design and Implementation of a QFT

Controller for a Compact Disc Player. Journal of Systems Engineering , Vol. 4, pp. 107-117 .

dSPACE GmbH (1989). DSPCitPro Software Package. Documentation of dSPACE GmbH,

Paderborn, Germany.

Dongarra, J.J., Moler, C.B., Bunch, J.R., and Stewart, G.W. (1979). LINPACK User’s Guide .

SIAM, Philadelphia.

Horowitz I. (1991). Survey of QuantitativeFeedback Theory (QFT). International Journal of

Control , 53(2), pp. 255-291.

Horowitz, I.M. (1992). The Quantitative Feedback Design Theory (Vol. 1). QFT Publications,

4470 Grinnell Ave., Boulder, Colorado, 80303.

Park, M. S. (1994). A New Approach to MultivariableQuantitativeFeedback Theory. Ph.D.

Thesis, University of Massachusetts, Amherst, MA.

Sating, R.R., Horowitz, I.M., and Houpis, C.H. (1993). MIMO QFT CAD Package ( ver. 2).

Air Force Institute of Technology (AU), Wright-Patterson AFB, OH.

Steinbuch, M., Schootstra G. and Bosgra O. H. (1992). Robust Control of a Compact Disc

Player. Proc. IEEE Conference on Decision and Control , pp. 2596-2600.

Yaniv, O., (1995). Robust Feedback Synthesis for Margins at thePlant Input. Automatica , 31, pp. 333-336.

LIST OF FIGURES

Figure 1 Schematic view of the compact disc mechanism.

Figure 2 The compact disc player feedback system.

Figure 3 Frequency response magnitudes of the identified nominal plant.

Figure 4 Desired specifications h ij ( w ), i,j=1,2.

Figure 5 QFT bounds and nominal design L

11,0 (s) in the first design step.

Figure 6 QFT bounds and nominal design L

22,0 (s) in the second design step.

Figure 7 Measured frequency response magnitudes of closed-loop sensitivity.

disc w motor radial arm optical pick-up

Figure 1

G(s) Î

Y

P(s)

E

Controller Plant

-

rad foc

e e rad foc

i i

Figure 2

10 -1

10 0

10 1

10 2

10 2 10 3 10 4

Frequency (Hz)

10 -4

10 -3

10 -2

10 -1

10 0

10 1

10 2 10 3 10 4

10 -1

10 0

10 1

10 2

10 2 10 3 10 4

10 -2

10 -1

10 0

10 1

10 2

10 2 10 3 10 4

Frequency (Hz)

Frequency (Hz)

Frequency (Hz)

Magnitude p p

p p

11 12

21 22

Figure 3

10 -2

10 2

10 1

10 0

10 -1

10 -3

10 -4

10 1 10 2 10 3 10 4

Restricted Area

Frequency (Hz)

Magnitude

.

Figure 4

-10

0

10

20

30

40

50

60

-260 -240 -220 -200 -180 -160 -140

Phase (degrees)

(dB)

L 11,0 (j ) w

Figure 5

-10

0

10

20

30

40

50

60

-250 -200 -150

Phase (degrees)

(dB)

70

L 22,0 (j w ) 2

Figure 6

10 2 10 3 10 4 10 -4

10 -2

10 0

10 2

10 2 10 3 10 4

10 -4

10 -2

10 0

10 2

F re qu e n c y ( H z ) F re qu e n c y ( H z )

M a gn i tu d e

M a g n i tu d e

10 2 10 3 10

10

10

10

10 1

10 2 10 3 10 4

10 -4

10 -2

10 0

10 2

4

-2

-1

0

F re qu e n c y ( H z )

F re qu e n c y ( H z )

M a g ni tu d e

|s 11 |

|s 22 |

|s 12 |

|s 21 |

Figure 7